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INTRODUCTION. 


For an understanding of all kinds of physico-chemical equilibrium a 
further insight is necessary into the nature of the conditions which exist 
in the interior of any homogeneous phase. It will be the aim of the 
present paper to study this problem in the light of a new theory, which, 
although opposed to some ideas which are now accepted as correct, yet 
recommends itself by its simplicity and by its ability to explain sev- 
eral important phenomena which have hitherto received no satisfactory 
explanation. 

The theory suggested itself in the consideration of certain remarkable 
general laws which treat of heterogeneous equilibrium in which the 
several phases are subject to different pressures. These laws will be 
discussed in the first section of this paper, and in the second section it 
will be shown that they can all be explained by a single simple assump- 
tion. In the third section it will be shown that the same assumption is 
alone sufficient to explain all the laws of dilute solutions. In the last 
section other consequences of the new theory will be discussed, especially 
in their relation to the theory of van der Waals. 


I. 


Tue Errect or Pressure oN THE TENDENCY TO PASS FROM 
Puase To Puase. 


Tt has been shown by several investigators * that, in a number of cases 
of heterogeneous equilibrium, if the pressure upon one of the phases 
alone is changed, a readjustment takes place that can be easily calculated. 





* Poynting, Phil. Mag. (5), XII. 82 (1881); Schiller, Wied. Ann., LIII. 396, 
(1894) ; Hall, Jour. of Phys. Chem., ITI. 452 (1899.) 
VOL. xxxvi. — 10 
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In order to introduce a general discussion of this problem, which leads to 
very notable and instructive results, let us consider first a simple, special 
case, namely, the question of the effect upon the vapor pressure of a liquid 
caused by a change in the total pressure on the surface of the liquid. 

Figure 1 represents a ring-shaped enclos- 
ure containing a liquid X in the part BC D, 
and the vapor of X throughout the remain- 
ing space. The space D E contains also an 
infinitesimal layer of some inert and insoluble 
gas, which is prevented from diffusing into 
the space BAE by a membrane at E, 
which is permeable only to the vapor of X. 
The foreign gas thus enclosed exerts a 
pressure upon the liquid at D and maintains 
a difference of level, dH, between B and 
D*. This pressure, moreover, must have 
an effect upon the vapor pressure of the liquid, for, on account of its 
weight, the pressure of the vapor is greater at D than at B, but the 
liquid is in equilibrium with the vapor at both points, therefore the 
vapor pressure of the liquid is greater at Dthanat B. If dP, represent 
the difference in vapor pressure between B and D, and s, the specific 
gravity of the vapor, then we may write, 


dP, = 8; d H. 
If dP, represent the difference in the total pressure upon the liquid at 
B and D, and s, the specific gravity of the liquid, then 

dP, = $8, d H. 


Figure 1. 


From these two equations, 


o* 5% 


dP, 8° 


or if a, and a, represent the specific volumes of vapor and liquid respec- 


tively, then 
d P; nee C2 


=—. 1 
dP, C1 (1) 





* Objection has been raised to proofs of this kind; thus, in this case, it would 
be argued that in reality the liquid will distil from B to the space above E. That 
this may happen in no way invalidates the proof, for it is not necessary that it 
should happen. By keeping E A free from drops of the liquid the system is in 
perfect equilibrium, the equilibrium of supersaturation. That there is another 
more stable equilibrium possible is of no concern. 
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In general, therefore, an increase in the total pressure upon a liquid 
will cause an increase in the vapor pressure, and the ratio of the two 
changes will be the ratio of the specific gravities of liquid and vapor. 
This relation, which has been stated before in several different forms, has 
an importance which has been hitherto overlooked, probably because, 
under ordinary circumstances, the calculated effect upon the vapor pres- 
sure has been too small to be measurable, and also because the result 
has usually been obtained by assuming the applicability of the gas law to 
the vapor, thus making the result seem only an approximation. 

Although ordinarily the magnitude of the effect is extremely small, in 
some cases it must be of considerable significance. Equation (1) shows 
that the influence of external pressure upon the vapor pressure depends 
upon the relative densities of vapor and liquid. Therefore, for liquids of 
high molecular weight, as a rule, the effect will be considerable, and also 
in the case of a liquid whose vapor is under high pressure. But espe- 
cially must the effect be considered in the study of critical phenomena 
and the influence of foreign substances in the determination of the critical 
constants, for in the region about the critical point the densities of liquid 
and vapor approach identity. The proof of equation (1) given above 
shows that its validity rests upon no assumption as to the specific nature 
of the two phases considered. The probability is immediately suggested 
that equation (1) is simply a special statement of a general law applying 
to all heterogeneous equilibrium. That this is true may be shown in the 
following way. 

In figure 2, let A BC and A’ B’ C’ represent 
two similar enclosures. In the first, Xj; and 
X, are two different phases of a simple sub- 
stance X; P, and Pg, are the pressures exerted 
by an inert gas on the two sides and are such 
that equilibrium exists ; B is a membrane per- 
meable only to the vapor of X. The specific 
volumes in phases X, and X, are oa, and a, 
respectively. The enclosure A’ B/C’ is the 
same as A BC except that here there is another 
state of equilibrium in which the pressures 
upon the phases X, and X, are P, + dP, and 
P, + dP,, and the specific volumes are 0, —do; 
and o, — do, respectively. 

Now let the following process occur reversi- 
bly and isothermally: (1) One gram of X, is Fieure 2. 
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removed from A at pressure P,; (2) it is compressed to P, + dP,; 
(3) it is introduced into the second enclosure at A’ against pressure 
P,+dP,; (4) one gram of X, is taken from the second enclosure at 
C’ at pressure P, + dP,; (5) it is allowed to expand to P,; (6) it is 
introduced into the first enclosure at C against pressure P». 

The system will have returned now by internal adjustment to its 
original condition. The quantities of work done by the system in the 
several steps are, 

W,= Pio +) 

W, ad P, doi, 

Ww, = — (P,; + d P;) (o, — da), 
W,= (Fs + d P3) (oe, — daz), 
W, — P, d oe 

W, a P, Oa 


By writing the sum of these terms equal to zero, according to the 
second law of thermodynamics, we obtain the equation, 


qdP, o 
o,d P, —0, dP, = 0; or, Fs ee (2) 


The meaning of this equation is obvious. When under any conditions 
two phases of a substance are in equilibrium and the pressure is increased 
upon one phase, then in order to maintain equilibrium the pressure must 
be increased on the second phase; and the second change in pressure 
must be to the first as the specific volume of the first phase is to that of 
the second. For example, if ice and water are in equilibrium at atmos- 
pheric pressure and an additional pressure of one atmosphere is put upon 
the ice alone, then equilibrium can be maintained by an additional pres- 
sure of 1.09 atmospheres upon the water, since 1.09 is the ratio of the 
volumes of ice and water. 

The above law has been derived without any assumption whatever, 
and is based only upon the second law of thermodynamics. It must be 
considered, therefore, in the same degree as the latter a universal and 
exact law of nature. This law may be presented in another form. 

There is a tendency for the particles of every phase to escape into some 
other phase. Later a function y will be so defined as to represent this 
escaping tendency. Here it will be sufficient to consider y merely a 
quantity such that when two phases are in equilibrium, y has the same 
value in both; when not in equilibrium, y is greater in the less stable 





LEWIS. — THERMAL PRESSURE. 149 


phase. When two phases in equilibrium are subjected to infinitesimal 
changes of pressure resulting in a second state of equilibrium, 

dW, = de, or in other terms, ots 4 P= SY aP,, 

2 


1 
where 3 denotes a partial differential ; finally, 


On 
at hat 
Oyo gi dP, zi C2 4 
d Ps 

from equation (2). In general, therefore, 


} 
Spake (8) 


where « is a constant. 

That is, the change in the escaping tendency of any phase with a given 
change in the external pressure is proportional to the specific volume of the 
phase. For example, if solid and liquid benzol are in equilibrium at one 
pressure and this pressure is increased, the escaping tendency of the 
liquid is increased more than that of the solid in the ratio of the specific 
volumes, 1.13 to 1.11. The liquid phase, therefore, totally disappears, 
In the case of water, whose liquid is denser than the solid, the phenome- 
non is exactly reversed. The above law, therefore, expresses quantita- 
tively what the principle of Le Chatelier states qualitatively. 

In the preceding discussions we have dealt with different phases of a 
simple substance, not with a mixture, but the same method of proof and 
therefore the same law can be shown to be applicable to all cases in 
which the phases considered are all capable of being converted entirely, 
under the conditions of equilibrium which exist,* into one substance, 
whether this be a pure substance or a mixture. 

Equations (1), (2), and (3) apply, therefore, to all cases where there is 
association, dissociation, polymerization, or isomerization, provided that 
all these different molecular species are in “true” equilibrium with one 
another. 





* This qualifying phrase is necessary. The different phases must not merely 
have the same composition. Thus, a system composed of water and a gaseous 
phase of hydrogen and oxygen in equivalent proportions differs essentially from a 
system of solid ammonic sulphydrate and a gaseous phase containing ammonia and 
hydrogen sulphide in equivalent proportions. The latter is subject to the above 
treatment, the former is not. 
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For the sake of completeness the corresponding phenomena in the case 
of other mixtures will next be considered. 

In Figure 3 let the tube CAB contain a homogene- 
ous mixture of liquids and the outer vessel one of the 
pure liquids, X, alone. A and B represent two mem- 
branes permeable to X alone. If pressure is applied in 
the tube so that X neither enters nor leaves the tube at 
A, then there will be equilibrium at B also, for other- 
wise a continuous cyclic process would be kept up, 
contrary to the second law of thermodynamics. The 
escaping tendency of X is the same outside and inside 
at A and also at B, since there is equilibrium at both 
points, but the changes in pressure between A and B 
which determine the magnitude of that tendency are different inside and 
outside the tube. If dH is the height A B, and the specific gravity of 
the mixture and the liquid X are S, and S, respectively, the changes in 
pressure are S,d H inside the tube and S,d H outside. If dP, and dP,, 
respectiyely, represent these changes in pressure, 











Figure 3. 


dP, _S, g thin 
dP, &,° dP, 01 


This is the same as equation (2), and at first sight it seems that the 
influence of pressure upon the equilibrium between two phases is as 
simple in the case of mixtures as in the case of pure substances. It is 
actually, however, much more complicated. In the above example there 
is a change in the escaping tendency of X from the mixture, not only 
because there is a change of pressure, but also because, in general, between 
A and B there is a change in the relative amounts of the components of 
the mixture. In other words, the concentration of X differs at A and B.* 
Moreover if there is chemical equilibrium in the mixture the chemical 
reaction will have run nearer to completion in A or in B according to 
whether the total volume is increased or diminished by the reaction. On 
account of this complexity the further study of mixtures, although of 
much interest, must be deferred, since it is not essential to the present 


paper. 





* See Gouy and Chaperon, Ann. Ch. Ph. (6), XII. 384 (1887). 
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II. 


THERMAL PRESSURE. 


When we consider again the laws which govern different phases of a 
simple substance, as expressed in equations (1), (2), and (3), their great 
simplicity and generality suggest that some equally simple physical expla- 
nation is possible. As we have already seen, an increase in the external 
pressure always produces an increase in the tendency of a substance to 
escape from any phase. The pressure can influence this tendency only 
by changing the conditions within the phase. Let us briefly analyze 
these conditions. 

If in the interior of any homogeneous phase of infinite extent, not sub- 
ject to gravity, we imagine a septum of infinitesimal thickness, i.e. a 
mathematical plane, there is every reason to believe that upon each side 
of this septum there would be a pressure exerted which would depend 
upon the temperature, and would in general differ from the pressure 
observed at the surface of the phase. This internal pressure will be 
termed the thermal pressure of the phase. It would be expressed, in the 
hypothetical terms of the kinetic theory, as equal to the number of 
molecules passing from one side to the other in unit time through an 
imaginary plane of unit area, multiplied by twice the average momentum 
of each molecule in the direction perpendicular to the plane. 

An illustration of the meaning of thermal pressure is the quantity 
a= in the equation of van der Waals; this quantity, if the theory of 
van der Waals is correct, represents the thermal pressure of a compressed 
gas. Thermal pressure will denote the pressure due to heat in distinction 
from that due to attractive or repulsive forces. 

The actual pressure observed at the surface of the phase may be con- 
sidered equal to the thermal pressure plus or minus the resultant of all 
other repulsive or attractive forces acting in the phase. This resultant 
will be called the attractive pressure and designated by a,— positive if 
an attractive force, negative if repulsive. If the thermal pressure is 
represented by 6 we have the equation, 


B-—a=P, (4) 
where P is the external pressure. This equation combined with equa- 
tion (3) gives, 


- = Ko 
ig-3 °° ” 
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that is, the tendency of a substance to escape from a phase is greater, 
the greater the thermal pressure and the less the attractive pressure. 
Now equation (5) applies to any phase of any pure substance, solid, 
liquid, or gaseous. In some cases a small change in pressure will cause 
a very great change in both # and a; in others, a very small change in 
both. The change in £ relative to that in a will sometimes be very 
great, sometimes very small. In general, the function y depends, not 
upon the absolute, individual magnitudes of 8 and a, but only upon their 
difference ; and we may conclude from the very universality of equation 
(5) that it is true not merely when @ and a are changed by a change in 
the external pressure, but that in general a change in 8 or a, no matter 
how caused, will affect the quantity y only as it changes their difference 
8 — a, and that any change in 8 accompanied by an equal change in a 
has no effect on y since one neutralizes the other. This will be a neces- 
sary postulate in the development of the following theory. 

Let us consider a system composed of a liquid or solid phase and its 
vapor, under such circumstances that the latter obeys the laws of a per- 
fect gas. By equation (1), if we replace = by mg the molecular volumes, 


and write v, = a where # is the gas constant, 7’ the absolute tem- 
1 


perature, we obtain 
dP, %.. dP, Pyx. dP, dP, 
apo: a(R) (6) 
Vg , 


This equation expresses the very remarkable result that the change in 
vapor pressure is to the total vapor pressure as the change in the exter- 
nal pressure upon the solid or liquid phase is to the pressure which that 
phase would exert if it should behave as a perfect gas. This may be 
presented in different form by the aid of equation (4) as, 


dP, _d(B, — az) 


PB (RT * 
U3 


In attempting an explanation of these relations let us consider first a 
case in which the change in a, is negligible compared with the change in 
B;,- That is, 8, changes while a, remains constant. Since the attractive 
forces remain constant, it might be predicted a priori that the vapor pres- 
sure would be proportional to B,, the thermal pressure, especially if the 
kinetic point of view is adopted; for the vapor pressure is believed to be 








(7) 
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dependent upon the chance of any one molecule to escape from the phase 
in question and upon the number of molecules per second which share 
this chance. This chance for each molecule will depend (1) upon its 
momentum and (2) upon the various influences that retard its motion 
outward. The latter are the various attractive forces that have been 
included in the quantity a, Therefore in any isothermal change in 
which a, is constant neither the momentum * nor the retarding influences 
vary, and the vapor pressure then will be proportional to the number of 
molecules coming to the surface per second, and therefore proportional to 
the thermal pressure. Hence, 
adP, dp 
yy Re 
Moreover in the general case, when both £, and az change, if we postu- 
late, as on page 152, that equal changes in 8, and a, produce equal and 
opposite effects on the vapor pressure, then we should expect that the 
change in vapor pressure would be to the total vapor pressure as the 
effective change in thermal pressure is to the total thermal pressure; if 
“effective change” in By is used to mean the change in 8, over and above 
that required to compensate for change in ag. That is, 
dP, _ d(B, — a3) (9) 
P, Bs 
Comparing this equation, derived from kinetic considerations, with 
the one which has been proved thermodynamically, namely, equation (7), 
dP, di a (Bs — 4) 
 . Son (= T ) : 


Ce 


P,=kB.; or, (8) 


it is evident that the only assumption necessary to make the two identi- 
cal is the following: The thermal pressure of any phase is equal to the 
pressure which the substance would exert if, under the same conditions, 
it should behave as a perfect gas. 

Objection to this assumption cannot be made on the ground that it is 
not sufficiently simple; but is it too simple? What has become of the 
correction “b” of van der Waals, to say nothing of all the complications 
that may exist in a liquid or solid phase? It must be confessed that the 
above assumption seems, at first sight, absurdly simple and quite improb- 
able. I shall attempt to show, however, that this assumption is not only 





* Whether this momentum is quite constant will be considered later. 
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not opposed to any facts, but is capable of explaining many facts besides 
those which we have already discussed. On the other hand, this assump- 
tion seems entirely irreconcilable with one of the accepted principles of 
the kinetic theory, but it is directly deducible from this theory if the 
latter is modified in the way which will now be proposed. 

In the kinetic theory of gases there are two quantities of fundamental 
importance: one is the kinetic energy of a molecule, and is represented 
by 4 mu?, where m is the mass, and u the velocity of the molecule; the 
other is that which has been called thermal pressure, and is proportional 
to mu X n, the product of mu, the momentum of the molecule and n, the 
number of molecules whose centres of gravity pass in one second through 
unit area. In the perfect gas is proportional to u; the kinetic energy 
and the thermal pressure in a perfect gas are proportional to each other 
and to mu*. In substances, however, which deviate from the condition 
of a perfect gas the kinetic energy will still be proportional to mu’, but 
(mu) n will be proportional to mu? only when n is proportional to u, 
and this will be the case only when the molecules behave on collision 
as perfectly elastic mathematical particles, that is, when there is no 
correction corresponding to the quantity 6 of van der Waals. 

In the kinetic theory of gases the temperature is shown to be measured 
by mu’, and in every attempt hitherto to extend this theory to less sim- 
ple conditions of matter the fundamental assumption has been that the 
kinetic energy of progression of the molecule is proportional to, the 
absolute temperature. I now propose to reject this assumption entirely, 
and to substitute the assumption that the temperature is in all cases 
measured by the quantity (mw) or by the thermal pressure; more ex- 
plicitly, instead of assuming that the kinetic energy of a molecule of any 
substance is the same as if it were a perfect gas, while the quantity 
(mu)n may vary in any way, it will now be assumed that (mu) n in any 
substance is the same as it would be if the substance should behave as a 
perfect gas and that at one temperature the average kinetic energy of 
progression of the molecule may vary. 

This proposition appears less revolutionary if it is borne in mind that 
in the only case in which the kinetic theory is entirely satisfactory, 
namely, the perfect gas, the two assumptions become identical, and, 
therefore, the change in no way affects the previous kinetic explanation 
of all the phenomena of gases. The only other application of the kinetic 
theory that has met with any degree of success, the equation of van 
der Waals, will be discussed later in its relation to this new kinetic 


conception. 
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In the meantime it is necessary to consider what advantage in theory 
may be gained by adopting the proposed assumption. According as we 
deal with a pure substance or a mixture, the quantity (mu) n will be a 
measure of the total thermal pressure, or of the partial thermal pressure 
of any one molecular species, if we so designate that pressure which may 
be conceived to be exerted on either side of an infinitesimally thick 
membrane in the interior of a homogeneous phase by the molecules of 
that particular molecular species. The principle of thermal pressure 
offered on page 153 may be put in the form of an equation, as, 


gn Att, (10) 


where 8 is the partial or total thermal pressure, as the case may be, of 
some one molecular species; » is the number of gram molecules of this 
species; F is the gas constant; 7, the absolute temperature; and V, the 
total volume occupied. 

This idea could be otherwise expressed by an extension of the rule 
of Avogadro, as follows: AU substances at the same temperature and 
the same thermal pressure have the same number of molecules in unit 
volume. 

Equation (10), which, if correct, represents a universal principle of 
nature, must be capable of very wide application. In the next section it 
will be shown that by assuming the correctness of this equation, and with- 
out any other hypothesis, it is possible to derive all the laws of dilute 
solutions. It is well to emphasize that while equation (10) was shown 
to be consistent with the kinetic theory in order that it might appear more 
probable, still, having once assumed this equation, it is unnecessary 
henceforth to: adopt any kinetic view whatever. 


III. 


A Tueory or So.tvrttons. 


Notwithstanding the simplicity of the phenomena of solutions, they 
have as yet received no entirely adequate explanation. In fact, in some 
explanations assumptions have been necessary that are inherently improb- 
able. In the theory of solutions here presented it will be unnecessary 
to assume either that the solute does or does not combine chemically 
with the solvent in any way. It will only be necessary to suppose that 
when n gram molecules of any substance are dissolved in a solvent, that 
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in the solution there are still m gram molecules of something different 
from the solvent itself.* 

All the general laws of solutions may be derived thermodynamically 
from either of two empirical equations, each of which, moreover, may be 
derived from the other. The first is the law of van ’t Hoff, 


nkRT 
1=--, (11) 


where II is the osmotic pressure of a solution containing n gram molecules 
of a solute in a volume V. 
The second may be written, 


Pe (12a) 





or, more strictly, 

dy dn 

ym 
In (12a) n and m represent the number of gram molecules of solute and 
solvent respectively; y, and 2 denote the escaping tendencies of the 
solvent from the pure solvent and the solution respectively; in (12 b) dy 
represents the change in the escaping tendency of the solvent, due to dn 
gram molecules of the solute. In order to make the equations entirely 
definite it is necessary to give the function y, or the escaping tendency, 
a meaning less vague than that whieh sufficed on page 148, by defining 
the actual value of y for some one condition of each substance. There- 
fore the escaping tendency of a perfect gas will be defined as equal to its 
gas pressure, and the escaping tendency from most actual gaseous phases 
will be approximately the partial gas pressure. 

Equation (12b) simply unites in one general equation the law of 

Raoult for the lowering of vapor pressure, the law of Nernst for the 
lowering of solubility, and less directly the law for the depression of the 


(12 b) 





* It is probable that, in some cases, “association” with the solvent takes place 
and in others that it does not. A crystal containing water of crystallization seems 
in no way different from any other double salt, and since it has often been shown 
that double salts exist as such in solution, it is probable that water enters into 
many molecular compounds in solution. Thus it seems probable that when a salt 
forms a number of solid hydrates, all these compounds and others whose solubility 
is greater are present in solution in proportions varying continuously with concen. 
tration and temperature. On the other hand, it is extremely unlikely that when a 
substance like hydrogen gas dissolves in water a chemical combination of any kind 
takes place. 
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freezing point. It may be stated in words thus: The “relative” diminu- 
tion in the escaping tendency of the solvent upon the addition of an infin- 
itesimal amount of a solute is equal to the ratio of the number of gram 
molecules of solute and solvent. It is probable that equation (12), 
besides being more general than the equation of Raoult, is also more 
accurate; for it will appear likely from the theory here developed that 
Raoult’s law is exact only when the vapor of the solvent follows the gas 
law, but that equation (12 b) represents a universal law. 

Our problem is now to show that equations (11) and (12) are directly 
deducible from the idea of thermal pressure contained in equation (10). 
Since the reasoning would be the same whether our goal is the general 
equation (12) or the special form of Raoult, for the sake of concreteness 
it will be convenient to develop first the latter equation, and in the 
simple case of a solution in a solvent to whose vapor the gas law may be 
applied. Let us determine theoretically in this case the influence of the 
solute on the vapor pressure of the solvent. This effect may be divided 
into two which are entirely independent; the first is the effect of the 
thermal pressure of the solute on the condition of the solvent (this may 
be pictured kinetically as the influence of the mere motion of the solute 
molecules) ; the second is the effect of the attraction or repulsion of the 
solute for the particles of the solvent. It will therefore simplify the 
discussion if we study these two influences separately, beginning with 
the latter. 

In a hypothetical case in which we may imagine the particles of the 
solute to be evenly distributed through a solution, and to have no effect 
except by an attraction for the solvent particles, the only practical effect 
of the presence of the solute will be to increase the attractive pressure of 
the solvent inward. Then, in order to maintain equilibrium, according 
to equation (4), 

P=B-a, 
since the external pressure is unchanged, the total volume will decrease 
on account of the new attraction until the thermal pressure of the solvent 
is increased by the same amount as the attractive pressure, and we may 
write, therefore, 


dB=da; or, dB—da=0. 


Comparing this with equation (5) or equation (7), it is evident that the 
attraction of solute for solvent is not the cause of the lowering of vapor 
pressure in a solution, and that a mere attraction or repulsion between 
the solvent and solute does not change the vapor pressure of the solvent, 
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because the change in the attractive pressure is always compensated by 
an equal change in the thermal pressure, and these two changes produce 
_ equal and opposite effects upon the vapor pressure. This conclusion will 
simplify the discussion of the second influence of the solute, the effect of 
thermal pressure ; for since the attraction or repulsion of solute for solvent 
is without effect, we may consider with perfect generality the case in which 
this attraction or repulsion is zero. In such a case, if 8 and a represent 
the thermal and attractive pressures of the pure solvent, when the solute 
is added in general a change in volume occurs in which 8 and a change 
toB+dB anda+da. The total attractive pressure of the solution 
is a+ da; but the total thermal pressure of the solution includes the 
partial thermal pressure of the solute, which may be designated by d [’. 
The equation of the solution is, then, 


P=(8 + dB + df’) — (a+ da). (13) 
Combining this with the equation of the pure solvent, 
P=B-a, 
we obtain 
dB—da=— df. (14) 


Now the vapor pressure depends on the attractive pressure and the ther- 
mal pressure of the solvent alone, in accordance with equation (7), 
which may be written, 


dP, _ d(B—a) 
“P, = wk 
ee 
Substituting equation (14) and writing from equation (10), 
, (dn) RT 
ap = ee ame 
we obtain, 
(dn) RT 
eS. 
Dl Cae. 
Mes aa 


d P, being negative for a decrease in P,. This is a statement of the law 
of Raoult, which is thus shown to be a direct consequence of the princi- 
ple of thermal pressure expressed in equation (10). Perhaps a more 
intimate understanding of the way in which the thermal pressure of the 
solute affects the vapor pressure of the solvent may be obtained from 
another point of view which affotds a simple but somewhat less rigorous 
demonstration. 
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In any pure solvent, according to equation (5), the tendency to escape 
into some other phase is dependent, not upon the actual values of the 
thermal and attractive pressures, but only upon their difference, which is 
the external pressure. At constant external pressure, therefore, the 
escaping tendency of the solvent is constant under all circumstances as 
long as the external pressure represents the difference between the ther- 
mal pressure of the solvent and the attractive pressure. If in a solution 
the thermal pressure of the solvent were equal to the total thermal 
pressure, the difference between this and the attractive pressure would 
be equal to the external pressure, and the escaping tendency would be 
the same as that of the pure solvent under the same external pressure. 
In reality the total thermal pressure is the sum of the partial thermal 
pressures of the solvent and solute ; therefore, other things being equal, 
the escaping tendency should be to that of the pure solvent as the partial 
thermal pressure of the solvent is to the total thermal pressure. That is, 


8 
wi B+PR"’ 
where £ is the partial thermal pressure of the solvent, 8’ that of the 
solute; but from equation (10), 
nRT _mRT 


pi =—7-3 B Vy 


therefore, 
Yo oe. 
ti m+n 
From this equation, 
ey 2 
vy m+n’ 





which is equation (12a). 

From this it appears that the lowering of vapor pressure, the lowering | 
of solubility, and the lowering of the freezing point are all due to the 
fact that the solute shares with the solvent the support of the external 
and attractive pressure. Other things being equal, the greater the ther- 
mal pressure of the solute the less that of the solvent, and thus an 
increase in the amount of the solute diminishes the escaping tendency of 
the solvent, whether towards the gaseous phase, the solid phase, or 
another liquid. 

An analogy may illustrate this explanation of Raoult’s law, and at the 
same time introduce the consideration of osmotic pressure. If we con- 
sider m gram molecules of a gas A under a constant external pressure, 
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its tendency to escape is measured by that pressure. If n gram mole- 
cules of another gas B are now introduced, while the external pressure 
remains constant, the partial pressure of A is diminished by the fraction 
oun of its original value, and its escaping tendency will be diminished 
in the same ratio. Therefore gaseous solutions also obey equation (12), 
and in this case the explanation is obviously the one which has been 
given here for solutions in general. 

If now we imagine the external pressure to be produced by the gas A 
outside, while within the pressure is borne by A and B, and if we imag- 
ine the outside and inside connected by a membrane permeable to A 
alone, then the gas A having « lower partial pressure inside will pass in 
from the outside, and equilibrium will not be established uatil the partial 
pressure of A is the same inside and outside; that is, until the total 
pressure inside is greater than that outside by the partial pressure of B. 
This is an exact analogy to the osmotic pressure in solutions, and in fact 
the same explanation can be given for both.* 

Let us consider a solution and the pure solvent at the same external 
pressure originally, connected by a semipermeable membrane. The 
tendency to pass from solution to solvent is less than the tendency to 
pass from the solvent to solution, as we have seen. The solvent will 
therefore flow into the solution until, in some way, this tendency is bal- 
anced. Let us suppose that it is balanced by an increase in the external 
pressure on the solution. Then, since the function y of the solvent has 
been decreased by the thermal pressure of the solute, according to equa- 
tion (14) it must be restored to its original value by an external pressure 
equal to that thermal pressure. In other words, the osmotic pressure of 
a dilute solution must be equal to the partial thermal pressure of the 


solute and, a RT 


Il = vy 


which is the law of van’t Hoff. This may be shown mathematically as 


follows : — 
By generalizing equation (13) we obtain, as the equation of the 
solution, when the external pressure upon the solution is variable, 


P+dP=B8+dB+dpf —a-—da. (15) 





* Since this paper was written an exactly similar statement of this analogy 
between the osmotic pressure and the pressure which a mixture of gases would 
show under the above conditions has been given by Ikeda, Zeit. Phys. Chem., 
XXXII. 280 (1900). 
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For the solvent, 


P=f-—a. 


Combining these we obtain, 

dP=dB—da+df’. 
For equilibrium, when the escaping tendencies of the solution and solvent 
are the same, 


dB—da=0. 
Hence the equation for osmotic equilibrium is, 
dP= dB’. 
But d P = dIl, the osmotic pressure, and 
, (dn) RT 
from equation (10) ; hence 
_ (dn) RT 
ani = 4 


the equation of van ’t Hoff. 

The conclusion that a certain osmotic pressure, and an equal change in 
the external pressure, together have no effect upon the tendency of a 
solvent to escape into some other phase may be verified in an interesting 
way. 

In Figure 4 let A represent a pure liquid X ; M' 

B, a solution in X, whose osmotic pressure is I] ; 
C, the vapor of X; and D, an inert, insoluble 
gas exerting a pressure equal to II. M and 
M’ are two membranes permeable to X alone. 
Since the gas pressure in D is equal to the 
osmotic pressure II, X will not pass through the 
membrane M, therefore none of X will distil 
from solution to solvent or vice versa, for such 
a distillation would form a cyclic process con- 
tradicting the second law of thermodynamics. Fiovns 4; 
Hence the vapor pressure over a solution is 

the same as that over the pure solvent when the solution has an additional 
external pressure applied, equal to its osmotic pressure. The effect of 
the thermal pressure of a solute upon the vapor pressure of a solvent 
may be regarded, therefore, as due to a stress upon the surface of the 
solution acting like a diminution in external pressure of the same 
magnitude. 

VOL, xxxv1.—11 
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IV. 


If further investigation and further accordance with observed facts 
prove that the principle of thermal pressure, which has been here shown 
to possess a high degree of probability, is in fact an exact and universal 
law of nature, then there are few physico-chemical phenomena in which 
thermal pressure is not one of the most important determining factors ; 
yet it would be premature to attempt at present any general application 
of the new theory. But there is one field in which the view here advo- 
cated is in direct conflict with a well-known and fruitful theory, — the 
theory of van der Waals. We shall, therefore, consider briefly the rela- 
tions of thermal pressure to the equation of condition of liquids and gases 
and the van der Waals formula. 

Equations (4) and (10) give at once a general equation of condition 
for all substances, 


P= 



























8, or p=*?_,, (16) 


where n is the total number of gram molecules in the volume J, and a, 
the attractive pressure, is the only quantity which is not immediately 
determined. It is probably, in most cases, a complicated function of 
volume and also of temperature. 

Equation (16) is directly opposed to the theory of van der Waals, in 
that it does not recognize the influence upon the pressure of the so-called 
covolume, but, on the other hand, it in no way contradicts the validity of 
‘the equation of van der Waals considered as a purely empirical formula ; 

for if that equation is regarded merely as a statement of experimental 

5 observation, it may be written as well in some other form. For example, 

. instead of 











pt RT es 
v 


ouwh 





the second term might be expanded, and the equation written, 


RP OA a 
p="*4R(5 ah ke oe 
’ It would then be in the form of equation (16), in which 


a a 
a= RT (St eta) 


This form of a would be of significance only in case the equation of 
van der Waals were perfectly accurate ; as a matter of fact, no one has 
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claimed for it absolute accuracy, and it is probable that, except for its 
plausible theoretical basis, it would already have given place to a more 
accurate, purely empirical equation. If equation (16) is used in place of 
the formula of van der Waals as the equation of condition of gases and 
liquids, then the form of the function a must be found for each substance 
separately from its empirical equation ; and on account of the presence of 
this function of unknown form, it is obviously impossible at present to 
test by experiment the validity of equation (16). 

The curve of attractive pressure may be easily plotted in diagram on 
the PV plane. On this plane the rectangular hyperbola which, in the 
older theory, is only of ideal significance as the limit towards which the 
equation of condition tends as the substance approximates the perfect 
gas, in our present theory always represents a real physical quantity, — 
the thermal pressure. If from the ordinates of this hyperbola are sub- 
tracted the ordinates of the actual equation of condition, then, according 
to equation (4), these differences may be drawn as ordinates of the curve 
of attractive pressure. A general survey of many such curves will be 
necessary in order to show what general laws govern the variation of the 
quantity a, This task must be reserved for the future, but it may be 
confidently predicted that interesting and useful relations will be found 
which will give to equation (16) a specific value which it now lacks on 
account of its great generality; for the study of coincident conditions 
shows that from the behavior of one unassociated liquid or gas we may 
predict the behavior of any other, and therefore it seems eminently prob- 
able from equation (16) that since 8 has the same form for all substances, 
the form of the substance a for any simple liquid or gas will be found to 
be closely related to its form for any other simple liquid or gas. 

Notwithstanding the indefiniteness given to equation (16) by our ig- 
norance concerning the quantity a, in one respect the equation is explicit, 
and is again in direct antagonism to the equation of van der Waals. It 
follows directly from our equation that the pressure of any substance is 
greater than, equal to, or less than the corresponding pressure of a perfect 
gas, according as the attractive pressure is less than, equal to, or greater 
than zero. In other words, whenever the volume of any phase is greater 
than the volume that it would occupy as a perfect gas, a is negative, 
and the total resultant force between the molecules must be repulsive. 
Regarding such a repulsion, which finds no place in van der Waals’ 
theory, it is true that there is little positive evidence, but what evidence 
there is seems to indicate decidedly the existence in some cases of some 
kind of a repulsive force. 





If a liquid is cooled at constant pressure, its “ 






SI 
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volume does not appear to tend to become zero at the zero of tempera- 
ture, but rather to approach as a limit some definite volume. As the 
kinetic forces become less there must be some other force which enters 
to oppose the attraction between the molecules. If it is permissible 
to consider the limiting case where the motion of the molecules ceases, 
there must exist at the absolute zero a condition in which the total ex- 
ternal pressure and all the attractive forces between the molecules are 
together balanced by some sort of outward force which is equal to their 
sum. This would be greater than the attractive forces alone, and the 
difference would depend upon the external pressure. In other words, 
there would be a resultant repulsive force equal to the external pressure. 
As to whether this force 1s of the nature of elasticity, or of some action 
at a distance, it would be presumptuous to speculate. From these con- 
siderations, which must be admitted to be very hypothetical, it would 
seem that at ordinary temperatures there should be analogous conditions 
in which the repulsive forces would be greater the higher the pressure. 
According to equation (16), in all liquids the resultant attractive pressure 
diminishes with increasing external pressure, aud finally changes sign at 
the point where on the P V diagram the equation of condition cuts the 
hyperbola of thermal pressure ; that is, at the point where the volume is 
the same as it would be if the substance were to behave as a perfect gas 
under the same pressure. Similarly, at high pressures probably all gases 
have a greater volume than corresponds to the gas law, and according to 
our theory their particles repel each other under these conditions. At 
atmospheric pressure, on the other hand, almost all gases have too small 
a volume, but hydrogen still has a volume which corresponds in our 
theory to an intermolecular repulsion. It is interesting, therefore, to 
note that in the experiments of Joule and Thomson, while other gases 
showed an increase of internal energy on expansion, hydrogen showed a 
slight decrease. Helium is in all probability another gas which has too 
great a volume; and it has been shown by Donnan * from his experiments 
on the effusion of gases, that probably helium also has a heating effect on 
free expansion, like hydrogen. Such a heating effect can be explained 
in no other way so simply as by assuming that there is a repulsion 
between the molecules in both helium and hydrogen. Finally, a similar 
repulsion could explain the phenomenon observed in the experiments 
of Ramsay f on the distribution of hydrogen between two spaces, one of 
which contained hydrogen alone, the other hydrogen and nitrogen. Le 
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* Phil. Mag., XLIX. 423 (1900). + Phil. Mag., XX XVIII. 206 (1894). 
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found that, if the two spaces were connected by a semipermeable mem- 
brane, the partial pressure of the hydrogen was less in the space contain- 
ing nitrogen. This could be easily explained by assuming a repulsion 


between a molecule of hydrogen and one of nitrogen, and this explana- » 


tion is again in full accord with the observation of Joule and Thomson 
that hydrogen mixed with nitrogen greatly decreased the cooling effect 
of the latter when expanding through a porous plug. These bits of 
evidence, accumulated, point decidedly to the truth of equation (16). 
It was stated above that in general a is a function of the temperature ; 
for if either in equation (16) or in the equation of van der Waals the 
term representing intermolecular attraction should be independent of the 
temperature, it would follow immediately from thermodynamics that 
the specific heat at constant volume of a liquid or a vapor should be 
independent of its volume, and also that a liquid and its vapor should 
have the same specific heat at constant volume.* All our evidence, both 
experimental f and theoretical,} is opposed to this conclusion. There is 
little doubt that the specific heat at constant volume, even in gases, 
changes in all cases, and sometimes considerably, with an isothermal 
change in volume; and it may be noted that while the equation of van 
der Waals is incompatible with any deviation in the specific heat at con- 
stant volume, such a deviation is a direct consequence of our present 
theory. For, since the specific heat depends upon the energy required 
to raise a substance from one temperature to another, and since that 
energy, according to any kinetic theory, is partly consumed in increasing 
the kinetic energy of the molecules, the specific heat must depend in 
part upon the kinetic energy of the molecules at the two temperatures. 
According to the accepted kinetic theory the energy of progression of 
the molecules must be the same at any one temperature under all condi- 
tions. The energy required to increase the progressive energy of the 
molecules from one temperature to another would depend, therefore, on 
the two temperatures, and would be independent of all other circum- 
stances. On the other hand, according to the views expressed on page 
154, the kinetic energy of the molecules may vary at any temperature 
according to the other conditions of a substance. Let us consider a gas 
in which there is no attractive or repulsive force between the molecules. 
According to the theory hitherto accepted, if the volame occupied by the 





* Cf. Nernst, Theor. Chem., p. 234 (1898). 

t Joly, Phil. Trans. Roy. Soc., 182 A, 73; Proc. Roy. Soc., XLVII. 218; LV. 890. 

t Lewis, These Proceedings, XX XV. 1 (1899); Zeit. Phys. Chem., XXXII. 364 
(1900). 
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molecules * of the gas were appreciable, then the progressive energy of 

the molecules would be the same as if it were a perfect gas, but the pres- 
sure would be greater than the pressure of a perfect gas. According to 
our new theory the pressure in this case would be necessarily the same 
as that of a perfect gas, and therefore the kinetic energy of the molecules 
must be less than that of the molecules of a perfect gas. In general, 
then, we should expect the internal kinetic energy to diminish with the 
volume. 

This is an important consequence of the new theory, and it is evident 
that the volume of the molecules must be as important in our theory as 
in that of van der Waals; but in the former the quantity “5” concerns 
energy relations, while in the latter it concerns pressure relations. We 
are thus led to a consideration of the total change in internal energy in 
an isothermal change of volume of a liquid or a gas, and in the change 
from a liquid to a vapor. 

It has frequently been assumed that the energy change in such a process 
is a measure of the attractive forces which oppose or assist the process. 
In an earlier paper f I have shown that this is the case only when the 
specific heat at constant volume remains the same; and, in fact, it is 
obvious that the change in potential energy which is a measure of attrac- 
tion is in general only one factor of the total change in energy which 
includes also any change in the internal energy of the molecules as well 
as the change in progressive energy of the molecules, which is assumed 
in our present theory. 

These three factors will be designated as follows: The change in 
potential energy, or Free Energy, which is the measure of intermolecular 
attraction, will be represented by d X; change in the progressive motion 
of the molecules by d H; change in the internal energy of the molecules 
by dZ If d Vis the total change in internal energy, 

dU=dX+dH+dL. (17) 

In the paper t already referred to I have developed the general ther- 

modynamic equation of condition, 


p=27_ peyr—*" 4 vf qed (18) 





* This phrase is used in conformity to usage. The quantity “b” of van der 
Waals may be defined more generally and less hypothetically as a quantity depend- 
ing on the difference between the time in which two molecules approach, collide, 
and separate, and the time which two mathematical particles would require for 
the same process. 


t Lewis, l.c. t Ibid. 
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where F'(v) is an unknown function of v, and ¢, is the molecular heat at 
constant volume, 7) some arbitrary temperature. Comparing this with 
equation (16), we obtain 


a= Fe) T+ oo rf > wae? (19) 


Now, substituting d U from (17), and bearing in mind that a = =, we 


obtain 


+5 T Paeet— —F(v) 7. (20) 


This is the closest insight that we can obtain at present into the general 


dE dl 
form of ° ee 


change in energy is not identical with the change in potential energy, 


, but it is sufficient to show that in general the total 


ge, . 
at least when = is not zero. 
v 


If we could pass continuously from the liquid to the gaseous state, and 
equation (16) were assumed to hold good continuously throughout the 
process, the total work of the process could be found, and would be equal 
to the actual work dove in the evaporation of the liquid. From equation 


(16), 
foa= [Fav— fare, 
Jopav= RT we -f adv; 


or, since a = Se , the total work is 
dv’ 
RTe— ~ f aX. 
V2 "1 


The work done in evaporation at the same temperature is P’(v, — v.), 
where P” is the vapor pressure. We may write, therefore, 


P(r, — »,) = RT — | aX. 
rg om 
Now, if d X were always equal to d U, we could write 


RTin n= (G- U,) + Pv, —»,) = L 


where Z is the common heat of evaporation. 
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1 . ae 
Now, as a matter of fact, R7'In is is always less than L, and this is 
2 


precisely what would be predicted from our theory; for in passing from 
a liquid to a vapor energy must be used not only in overcoming the 


intermolecular attraction (the quantity that would be equal to R 7'In =), 

2 
but also in providing for the increase in the progressive energy of the 
molecules, which was shown on page 165 to be a necessary consequence 
of our theory. 

In concluding this brief treatment of some of the consequences of our 
theory, we may mention one that is important in the study of homoge- 
neous equilibrium. The isothermal, according to our present view, is not 
identical with the line of constant internal energy of progression of the 
molecules, which might also be called the line of constant molecular 
velocity ; the latter line must, therefore, be of considerable independent 
importance; for if we regard the mass law kinetically as an expression 
of the law of probability, the chance of any two molecules reacting must 
depend upon their momentum at impact, and this would be constant along 
the line of constant molecular velocity, and not along the isothermal. 
The mass law, then, disregarding other disturbing factors, should hold 
along the former line rather than the latter. On account of an entire 
lack of data that would give any experimental evidence on this point, this 
mere suggestion of a possible future modification in the theory of chemical 
kinetics must suffice. 








